A novel π-Camassa-Holm system is studied as a geodesic flow on a semidirect product obtained from the diffeomorphism group of the circle. We present the corresponding details of the geometric formalism for metric Euler equations on infinite-dimensional Lie groups and compare our results to what has already been obtained for the usual two-component CamassaHolm equation. Our approach results in well-posedness theorems and explicit computations of the sectional curvature.
Introduction
In this paper, we are concerned with the following variation of the two-component Camassa-Holm system: here u(t, x) and ρ(t, x) depend on a time variable t ≥ 0 and a space variable x ∈ S = R/Z. We will call the system (1) the π-2CH equation. Observe that Eq. (1) reduces for µ(ρ) = 0 to the two-dimensional Camassa-Holm (2CH) equation studied in, e.g., [4, 6, 15, 19] , and for π(ρ) = 0 to the one-component Camassa-Holm (CH) equation [3] .
The CH equation first appeared in 1993 and was introduced by virtue of a biHamiltonian approach in [3] . In the subsequent years, the properties of its solutions, which exhibit typically nonlinear phenomena as wave breaking or peakons, have been examined in detail, [5, 9, 10, 27, 28] . In 1998, Misio lek [26] showed that the CH equation re-expresses geodesic motion on the Bott-Virasoro group. A little later, the CH equation with periodic boundary conditions had been recast as geodesic flow on the diffeomorphism group of the circle S, [22, 7, 8] . A condensed account of the geometric picture for the CH equation can be found in [21, 24] . Similarly, the 2CH equation has been discussed under geometric aspects and the most important results can be found in [13, 19] ; here it is shown that 2CH corresponds to a geodesic flow on a semidirect product Lie group which is obtained from the diffeomorphism group of the circle. Some qualitative properties of the solutions of 2CH and integrability issues are the subject of [6, 14, 17, 23] .
We will consider the system (1) in the spaces
-Sobolev space of regularity s on the circle. There are three main reasons why a study of the system (1) is of interest:
• First, since for the 2CH system
it follows that if ρ has mean zero at time t = 0, the mean of the solution ρ to 2CH will have mean zero at all later times.
• Second, we may decompose the space H s−1 =Ĥ s−1 ⊕ R, whereĤ s−1 is the subspace of H s−1 containing all zero mean functions, with the associated projections
so that ρ = π(ρ)+µ(ρ) for any ρ ∈ H s−1 . The aim of the present paper is to comment on the behavior of the 2CH system on the non-trivial component H s ×Ĥ s−1 . The interesting aspect is that 2CH has a meaningful geometric interpretation on the entire space H s × H s−1 as well as on the component H s ×Ĥ s−1 which will be provided by our results.
• Finally, a related π-2HS system has been proposed in [25] ,
where the author establishes its equivalence to a geodesic equation on a Kählerian manifold which is isometric to a subset of a complex projective space, providing an example of an infinite-dimensional Hopf fibration.
The outline of the paper and its main results are as follows: In Section 2 we recall some preliminaries, concerning diffeomorphism groups, semidirect products and Arnold's geometric formalism [1] which will be applied to Eq. (1) in the following. In Section 3 we show that Eq. (1) can be recast as a geodesic equation on a suitable semidirect product group. From the geometric formulation, we obtain well-posedness of the system (1) in H s × H s−1 /R and in C ∞ × C ∞ /R. Finally, in Section 4 we perform a lengthy computation of the sectional curvature S associated with the group of π-2CH and compare it to corresponding results for the usual two-component Camassa-Holm system.
Preliminaries
As brief as possible, since the material appears in many publications dealing with geometric aspects of the Camassa-Holm equations, we provide some background information which is necessary for this paper.
2.1. The diffeomorphism group of the circle. Let S = R/Z and s ≥ 0. We denote by H s = H s (S) the L 2 -Sobolev space of order s on the circle. Let H s Diff(S) denote the set of orientation-preserving diffeomorphisms S → S in H s . It is wellknown that H s Diff(S) is a topological group (with respect to composition) and a smooth Hilbert manifold for any s > 3/2, cf. [11] ; an atlas is given by the charts (U i , Φ i ), i = 1, 2, where 
For s → ∞, the groups H s Diff(S) approximate the Lie group C ∞ Diff(S) of smooth and orientation-preserving diffeomorphisms S → S, a C ∞ -Fréchet manifold on which inversion and composition are smooth maps. We can describe its manifold structure as above by replacing
2.2. Semidirect products. Let G be a Lie group and V be a vector space. If G acts on the right on V , one defines
and with this product, G × V becomes a Lie group (the semidirect product of G and V ) which is denoted as G V . It is easy to see that (e, 0) is the neutral element, where e denotes the neutral element of G, and that (g, v) has the inverse (g −1 , −vg −1 ). The Lie bracket on the Lie algebra of G V is given by
where vξ denotes the induced action of the Lie algebra g on V and [·, ·] is the Lie bracket on g. We denote by H s−1 /R the space H s−1 with two functions being identified if they differ by a constant, and write [ρ] for the elements of
The group product in these groups is given by
where f ϕ := f • ϕ is a right action of H s Diff(S) on the scalar functions on S. The neutral element is (id, [0]) and (ϕ, [f ]) has the inverse (ϕ
is a smooth Hilbert manifold and a topological group and G ∞ is a smooth Fréchet manifold and a Lie group. We have the trivializations
and the Lie bracket on
The derivative of the right shift operator
and it is an automorphism of
2.3.
Euler equations on infinite-dimensional Lie groups. Consider a rigid body in R 3 with three rotational degrees of freedom. The classical Euler equation for the motion of the body can also be interpreted in a geometric framework, i.e., as geodesic equation on the finite-dimensional Lie group SO(3). The geodesics are length-minimizing with respect to the left-invariant metric on SO(3) that is defined by the inertia matrix of the body. The geodesic equation can be written down in terms of a set of Christoffel symbols, as a second order equatioṅ
for the Eulerian velocity u of the rigid body. The Eulerian velocity is obtained from the Lagrangian picture by applying the derivative of the left shift operator on SO(3) to the velocity on SO(3). The Christoffel symbols in turn define a covariant derivative which is compatible with the left-invariant metric. According to Arnold's [1] fundamental observation and the work of Ebin and Marsden [11] , the above formalism works analogously for the Camassa-Holm equation and its supersymmetric extension which have the configuration manifolds C ∞ Diff(S) and C ∞ Diff(S) C ∞ respectively. However, the passage from the finitedimensional group SO(3) to the infinite-dimensional diffeomorphism groups has to be carried out with care: The kinetic energy metric on the diffeomorphisms has to be right-invariant instead of left-invariant in order to obtain the correct equations of motion. It is induced by an inertia operator which is a topological isomorphism of the Lie algebra. The Christoffel symbols turn into a Christoffel operator which is a right-invariant bilinear map on the tangent bundle. The Eulerian velocity is now obtained from a right shift of the Lagrangian velocity to the Lie algebra. Furthermore, instead of using the Riemannian geometry of finite-dimensional manifolds we now have to apply the Riemannian geometry for general Banach manifolds which is more subtle. Instead of presenting more details for CH and 2CH, we refer the reader to [13, 18, 19, 21] for an extensive presentation and use the π-2CH equation to exemplify the approach once again in our next section.
The geometry and solutions of the π-2CH system
In this section, we will straightforwardly introduce the geometric picture for Eq. (1) from which we immediately obtain some well-posedness results. For technical purposes, the configuration manifold for π-2CH will be G s at first.
3.1. The inertia operator. Fix s > 5/2. We introduce
It is easy to see that A is well-defined and a topological isomorphism.
The right-invariant metric. We introduce the bilinear and symmetric map
which is explicitly given as
To see that ·, · is positive definite, we observe that
and that µ(ρ) 2 ≤ µ(ρ 2 ) by the Cauchy-Schwarz inequality, with equality if and only if 1 and ρ are linearly dependent, i.e., iff [ρ] = [0]. Since H s × H s−1 /R ≃ T id G s and in view of the identity (2) we now extend ·, · to a (weak) right-invariant metric on G s by setting
1 is indeed smooth follows from the representation 
in this form, the system is also suitable for the formulation of weak solutions. That (3) is indeed equivalent to the π-2CH equation in its initial form follows by applying the operator A to Eq. (3): The first component reproduces the equation with m t in (1) and the second component gives
which can equivalently be written as
We now define [13] for a proof in a similar situation.
3.4.
The torsion-free affine connection. Let X denote the space of smooth vector fields on G s and define, for any X, Y ∈ X the map
where
for all X, Y, Z ∈ X and all f, g ∈ C ∞ (G s ; R); this can be proved using that the Lie bracket is given locally by
The geodesic flow and well-posedness. A geodesic on
On the other hand, since we have a metric on G s , a geodesic can also be understood as a minimizer of the functional
We now show that the metric and the affine connection produce indeed the same geodesic flow on G s , i.e., the connection ∇ preserves the metric ·, · .
Lemma 1. The metric ·, · and the connection ∇ are compatible in the usual sense
Proof. By the same arguments as in the proof of Proposition 3.1 in [13] it is enough to check that
where ·, · denotes the L 2 -pairing. Using the definition of µ and π and performing integration by parts, we see that this is indeed true.
We thus obtain a well-defined geodesic flow for the π-2CH equation. Since the geodesic spray for π-2CH is smooth, we also obtain the following well-posedness result.
for the geodesic flow corresponding to the π-2CH system on G s , with smooth dependence on (u 0 , [ρ 0 ]), i.e., the local flow 
) and with continuous dependence on (u 0 , [ρ 0 ]), i.e., the mapping
is continuous.
Proof. Let (ϕ, [f ]) denote the solution of Eq. (4) obtained in the proof of Theorem 2. We now set
and conclude, in view of the group properties of G s , that (u, [ρ] ) is a solution with the desired regularity to the Cauchy problem for the π-2CH equation.
Indeed, well-posedness also holds in the smooth category. To prove this, we make use of the following lemma. 
Proof. Using the relation (5) and Eq. (1) we have that
This achieves the proof.
Theorem 5.
There is an open neighborhood U of zero in
there is T > 0 and a unique solution (u, [ρ] ) to the initial value problem for the π-2CH system (1) with
) and with smooth dependence on (u 0 , [ρ 0 ]), i.e., the map
is smooth.
Proof. We show that the geodesic flow obtained in Theorem 2 preserves spatial regularity when we increase the regularity of the initial data. Let Φ : [0,
, be the smooth local flow for the π-2CH equation on
and let [0, T s ) denote the interval of existence for the associated solution (ϕ, [f ])(t) in G s , for s ≥ 3. By uniqueness, we know that T s ≤ T 3 and it follows from Theorem 12.1 in [11] and Lemma 4 that T s < T 3 is not possible. Hence (ϕ, [f ]) ∈ C ∞ ([0, T 3 ); G s ) for any s ≥ 3, and Eq. (5), the group properties of G ∞ = ∩ s>5/2 G s and an application of Lemma 3.10 in [12] complete the proof.
4.
The sectional curvature associated with the π-2CH system
denote the curvature tensor and the unnormalized sectional curvature associated with the π-2CH system. In this section, we compute an explicit formula for S and compare our result to what has been obtained for the two-dimensional CamassaHolm system in [13] . Note also that the physical motivation for studying curvatures is that the positivity (or negativity) of the sectional curvature of the configuration manifold is closely related to the stability (or instability) of the geodesic flow under small perturbations of the initial value [2] . Proof. We make use of the local formula for the tensor field R p
where D 1 denotes differentiation with respect to p, i.e.,
By right-invariance, it suffices to study the curvature at the identity p = (id, 0). Let u = (u 1 , u 2 ), v = (v 1 , v 2 ) and w = (w 1 , w 2 ) be three vectors in H s × H s−1 /R; to keep the notation as simple as possible, we omit the [·] for the second components in the following. First, we observe that 
